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Abstract—Prediction of heat and mass transfer during post nucleation growth of liquid microdroplets in a
supersaturated mixture of vapor and non-condensable gas is difficult because in the early stages of the
process, the droplet size is usually comparable to the mean free path of the surrounding gas molecules.
Transport then falls in the transition regime between free molecular flow and continuum transport. In the
study reported here, a direct simulation Monte Carlo (DSMC) scheme was used to model the molecular
transport during quasi-equilibrium condensation growth of water microdroplets in supersaturated mixtures
of water vapor and a non-condensable gas. A new treatment of the boundary conditions at the droplet
interface is proposed which properly accounts for the energy and mass balance at the interface as well as
thermodynamic requirements that must be imposed there. This treatment makes it possible to predict the
initially unknown droplet interface temperature as part of the simulation calculation. Predictions of this
scheme for water—-argon mixtures are shown to agree closely with measured droplet growth rate data.
Simulation results are also presented for mixtures of water vapor and nitrogen. The effects of varying
droplet size¢ and ambient concentration on transport are explored in detail for microdroplet condensation
in the transition regime. © 1997 Elsevier Science Ltd. All rights reserved.

INTRODUCTION

Condensation of liquid microdroplets in a super-
saturated mixture of its vapor and a non-condensable
gas is an important fundamental process in nature
and in technological applications. Condensation
growth of water microdroplets in the atmosphere
immediately following nucleation is an important
element of the microphysics of cloud formation in
the atmosphere. Fog formation in air-conditioning
evaporators and precipitation which results from
supersaturated conditions in industrial process flows
also fall into this category. For the initial stage of
droplet growth in such circumstances, the size of the
droplets is often comparable to the mean free path of
the surrounding gas molecules. As the droplet grows,
the heat and mass transfer associated with the process
traverses the transition regime between free molecular
and continuum transport. Since neither free molecular
theory nor continuum theory is accurate in the tran-
sition regime, prediction of the condensation growth
of microdroplets in this size range is particularly
challenging.

Condensation growth of liquid droplets in a super-
saturated surrounding gas has been the subject of
numerous studies, spanning a variety of applications.
The majority of these studies have focused on rela-
tively large droplets, with diameters greater than
5 pm, surrounded by a gas at moderate pressures.
The transport in such circumstances can be predicted
by continuum theory.

There have been relatively fewer investigations of
non-continuum effects on droplet condensation
growth. In an early study, Kang [1] developed ana-
lytical models of condensation droplet growth in a
mixture of supersaturated vapor and a non-con-
densable second gas. The analysis is based on a com-
bination of elements from continuum theory and kin-
etic theory. The analysis considers condensation for a
fixed droplet condition or a changing temperature
resulting from the condensation energy transport. The
droplet growth history was predicted from the analy-
sis. Somewhat later, Sampson and Springer [2] used
the moment method and a kinetic theory based
approach to develop a prediction of mass flux during
condensation of droplets in vapor—gas mixtures. The
resulting relation for the mass flux can be used over
the entire spectrum of droplet Knudsen number from
free-molecular to continuum transport. At about the
same time, Shankar [3] also used the Maxwell moment
method to derive relations for the mass and energy
flux to a droplet growing by condensation in a mixture
of its vapor and an inert gas. A kinetic-theory-based
analysis of droplet condensation growth was also
developed by Gajewski er al. [4]. These investigators
generated predictions of the heat and mass transport
by using a numerical method to solve the full non-
linear BGK model equation. Lou [5] explored the
differences between infinitesimal and finite tem-
perature difference on the condensation growth rate
of droplets using a kinetic theory formulation and the
four moment method.
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specific heat at constant pressure

Iy specific heat at constant volume

Dy diameter of droplet

D,  effective diameter of molecules

D, mass diffusion coefficient in
vapor

hy, latent heat of vaporization

j molecular number flux

k, gas thermal conductivity

kg Boltzmann constant

m mass of a molecule

A number density of molecules

P pressure

q energy flux

4 radius of droplet

R ideal gas constant

R a random number uniformly
distributed on [0, 1]

T absolute temperature

Uy latent energy per water molecule

merged into droplet

v, relative velocity vector for collision
pair

X, mole fraction of water vapor in gas
mixture.

NOMENCLATURE

Greek symbols

o thermal diffusivity

At time interval for one time step of
simulation

£ molecular energy component

A molecular mean free path

p density

oy, liquid-vapor interfacial tension

o, energy accommodation coeflicient.

Subscripts

d corresponding to the liquid droplet
surface

em  corresponding to particles emitted by
the droplet

in corresponding to particles incident on
the droplet

| liquid

rot  rotational

tr translation

v vapor

© corresponding to far ambient conditions

0 corresponding to conditions in the gas
adjacent to the droplet surface

4 corresponding to r/ry = 4.

More recent investigations by Loyalka [6], Lang
[7], Chernayak and Margilevskiy [8] and Young [9,
10] also explored analytical extensions of Kkinetic
theory as means of predicting heat and mass transfer
between a condensing droplet and a surrounding gas
at arbitrary Knudsen numbers. Widder and Titulaer
[11] formulated an analysis of transport to a con-
densing droplet in a supersaturated mixture of a light
non-condensable gas and a heavy vapor species. Their
analysis was constructed in terms of the Navier—
Stokes equations and the Klien—Kramers equation
for Brownian motion of the vapor molecules. The
governing equations were solved numerically to pre-
dict the droplet temperature and growth rate for speci-
fied ambient conditions.

All previous efforts to analyze droplet condensation
under transition regime conditions have apparently
been based on analyses using kinetic theory. An alter-
nate approach is to use a molecular simulation model.
This type of approach has been used by Carey and
Hawks [12] to model evaporation of nitrogen micro-
droplets in pure superheated nitrogen gas. It has
also been used by El-Afify and Corradini [13] to model
low pressure transient condensation of mercury vapor
on a vertical flat surface. In a subsequent paper, El-
Afify and Corradini [14] extended their simulation
model to transient condensation of mercury vapor on
a flat vertical surface in the presence of a monatomic
non-condensable gas. The present investigation differs

from these in that we are interested in condensation
growth of a spherical droplet in a supersaturated
binary gas mixture containing the condensing vapor
and a non-condensable gas. Our objective was to
develop a model that is applicable to condensation of
water microdroplets in the atmosphere and in other
technological applications where condensation of
microdroplets occurs in the presence of one or more
non-condensable species.

Droplet condensation in a supersaturated gas is
fundamentally different from the process of con-
densation on a flat surface studied by El-Afify and
Corradini [13, 14]. These investigators considered
condensation in the absence of forced or free convec-
tion. Except for the limiting case of free molecular
transport in the surrounding gas, condensation on a
flat surface is an intrinsically time-varying process in
which the thermal and mass concentration layers in
the gas grow progressively thicker with time. In
contrast, for any specified supersaturated ambient
conditions, steady temperature and concentration
profiles are established in the gas for condensation on
a spherical droplet of fixed size.

For most circumstances of interest, the size of the
droplet increases significantly during the con-
densation growth over a time interval that is relatively
long compared to the time required to achieve steady
temperature and concentration fields in the sur-
rounding gas. In such circumstances, the transport in
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the gas at any instantaneous radius r, during the drop-
let growth is well approximated by the steady state
quasi-equilibrium transport that results from a drop-
let of fixed r, condensing at the specified ambient
conditions.

The microphysics of condensation in the presence
of a non-condensable gas is significantly more com-
plex than condensation of the pure vapor phase of the
liquid in the droplet. Condensation removal of vapor
at the droplet interface and mass diffusion result in a
water vapor concentration at the interface which can
be significantly different from that in the far ambient.
For a quasi-equilibrium process, the interface tem-
perature must equal the saturation temperature of the
liquid species at the partial pressure of the vapor in
the gas at the interface. Thus the droplet surface tem-
perature cannot be specified a priori. Any transport
analysis scheme fcr this type of droplet condensation
process must therefore include a means of determining
the interface temperature as an integral part of the
analysis. Also, to handle an arbitrary mixture, treat-
ment of molecules that store energy by rotation as well
as translation must be incorporated into the model.

Two conditions must be satisfied for the quasi-equi-
librium mode! to accurately predict transport at any
instant during the droplet growth process. First, the
time scale associated with internal conduction inside
the droplet must be small compared to the charac-
teristic time associated with transport in the gas. Since
the liquid thermal conductivity is large compared to
that of the vapor, this condition is satisfied for the
systems of interest here. This line of reasoning implies
that the temperature is essentially uniform within the
droplet but may vary slowly with time as the droplet
grows. In additior, the quasi-equilibrium model treats
the radius as fixed during the simulation, even though
the droplet is actually growing during the con-
densation process. This is a good approximation if
the characteristic time of the droplet growth process
(ra/(dry/d?)) is large compared with the characteristic
time for transport in the gas. This requirement is met
for the systems studied here. The droplet size changes
significantly over milliseconds while times on the order
of microseconds are required to establish steady trans-
port in the gas.

The investigation summarized in this paper used a
stochastic, Monte-Carlo direct-simulation scheme as
a method for predicting the molecular transport to a
condensing microdroplet in the presence of a second
non-condensable species. The simulation was specifi-
cally applied to microdroplets condensing under tran-
sition regime conditions. This study appears to be the
first to apply a direct-simulation Monte Carlo method
to condensing microdroplets for circumstances in
which non-continuum effects are important. The
simulation method used in this study is similar to that
used by Carey and Hawks [12] with modifications to
account for condensation and to allow determination
of the initially unknown temperature at the droplet
surface.
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The accuracy of the new treatment of the droplet
surface condition used in this study was assessed by
comparing its predictions with previously obtained
data for droplet condensation in supersaturated
argon—water gas mixtures. The simulation was also
used to explore the effects of varying ambient water
vapor concentration and droplet size on transport.

APPLICATION OF THE PARTICLE SIMULATION
METHOD

The particle simulation method used here is a
derivative of the direct-simulation Monte-Carlo
(DSMC) technique pioneered by Bird [15]. Some of
the refinements developed by McDonald [16] and
Baganoff and McDonald [17] have also been incor-
porated into the scheme used here. The main features
of the particle simulation method are described briefly
in the Appendix. The special features added in our
investigation to model the condensation growth of a
spherical droplet in a supersaturated mixture of vapor
and a non-condensable gas are described in detail
below.

To minimize memory requirements and com-
putational time, the simulation domain was limited to
one octant around the droplet, as shown in Fig. 1. In
addition, to avoid the computational costs of extend-
ing the simulation out to large radial distances, in this
study the simulation domain was limited to a radial
distance of four sphere radii, and the simulation
boundary condition was matched to the continuum
transport solution beyond r = 4r,.

The temperature and water vapor concentration
gradients decrease rapidly with distance from the
sphere, approximately proportional to r~2 Conse-
quently, while the temperature may drop and the
water concentration may rise significantly over a few
mean free paths near the sphere, beyond r = 4r, it will
take many free paths for the temperature or con-
centration to change significantly. The local Knudsen
number A(dT/dr)/(Ty—T,) decreases rapidly with
distance from the sphere, causing the temperature and
concentration profiles to approach those for con-
tinuum transport at large r. This line of reasoning,
which divides the region near the sphere into a non-
continuum region close to the body and a continuum
transport region farther away was first used by Lang-
muir [18] to facilitate the analysis of non-continuum
transport to a cylindrical body. The matching process
proposed as part of our simulation scheme is therefore
consistent with Langmuir’s model which has been
widely used for problems of this nature.

The octant simulation region shown in Fig. 1 was
bounded by the surface of the sphere at r = rg, the
outer boundary at r = 4r, and specularly reflecting
planar surfaces at x = 0, y = 0 and z = 0. The specu-
lar surfaces which lie along planes of symmetry have
the effect of giving the octant the same statistical
behavior as a complete sphere surrounded by
particles. Each particle in the simulation represents
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specular surface y=0
zA / volume between
/ droplet and outer
boundary surface
filled with cubic
J w /. cells
~
u;
ﬂ\ specular surface
droplet x=0
radius rg
7
[ -y
\ 4
[=4r spherical surface
?x outer boundary of
simulation
X 7
specular surface z=0
Fig. 1. Boundaries and cell grid for the simulation domain.
Noopp molecules. The region bounded by these surfaces  conductivity is large compared to that of the vapor,

was filled with cubic cells which were used to collect
collision candidate pairs and define regions over which
particle properties were averaged to obtain macro-
scopic thermodynamic characteristics of the gas adjac-
ent to the droplet.

Particles that move beyond the outer boundary
when the particles are advanced along their trajectory
were simply removed from the simulation. During
each timestep, particles of each species are added to
the simulation just inside the r = 4r, boundary. The
rate of water particle addition #,, and the rate of nitro-
gen particle addition 7, are computed as

Ay, = Nmpp(n/z)(4rd)2jw (1)
ﬁn = Nmpp(n/z)(“'rd)zjn (2)

where j, and j, are the fluxes of water and nitrogen
molecules across a surface predicted by kinetic theory
for a mixture at a pressure P, temperature 7, and
water mole fraction of X, 4

kg T \'? (X, 4P
jw — BL4 w,dd oo (3)
2nm,, kgT,
1/2 X
jn - kBT4 (1 w,4)Poo ) (4)
2nam, kgT,

This treatment allows the simulation domain to estab-
lish whatever mean particle density is necessary to
balance the inward and outward fluxes at the outer
boundary. Equations (3) and (4) are derived from
equilibrium kinetic theory. Implicit in their use here
is the idealization that equilibrium Boltzmann dis-
tributions are valid at r = 4r,. This idealization is jus-
tified because bulk motion of the gas induced by con-
densation at the droplet surface is small compared to
mean molecular velocities, and because temperature
and concentration gradients are low at this location.

Based on the observation that the liquid thermal

conduction inside the droplet was idealized as being
very fast. The temperature was therefore taken to be
uniform within the droplet and transient conduction
effects in the liquid droplet were not considered in the
energy balance at the droplet surface.

When molecules from a surrounding gas enter the
interfacial region near a solid or liquid phase, exper-
imental evidence and molecular simulation studies
indicate that only a fraction of the incident molecules
thermally interact with the molecules of the condensed
phase (see, for example, refs. [22-24]). It is generally
acknowledged that the exact value of this fraction may
vary from one system to another. In our simulations,
this behavior is stochastically represented by speci-
fying an accommodation coefficient o, which is taken
to equal the fraction of incident molecules that ther-
mally interact with the droplet surface.

If a particle strikes the droplet surface during a
given timestep, a random number R uniformly dis-
tributed on [0, 1] is compared to the specified accom-
modation coefficient. If R > a,, the particle is diffusely
scattered from the surface. Its speed and rotational
energy are left unchanged, but its direction is ran-
domly set by sampling a distribution that, on the
average, isotropically scatters particles from the sur-
face. If R < o, the particle interacts thermally with
the surface.

Each thermally interacting particle is treated as if it
merges into the liquid droplet, delivering its energy
(including an energy of vaporization for water
particles), to the droplet. Computationally, particles
that merge into the droplet are removed from the
simulation. The number of particles absorbed in this
manner is counted, and the energy delivered to the
droplet by these particles is summed.

In a subsequent portion of the timestep calcu-
lations, particles are added to the simulation domain
just beyond r = r,. Before executing the emission of
particles from the droplet surface, the temperature
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of the droplet surface is computed. Kinetic theory
predicts that for an interface at equilibrium, the flux
of emitted water vapor molecules is given by

= o d ©
(27‘mek3 Td) /
For the spherical microdroplets considered here, the
equilibrium vapor pressure P, in the above relation
is a function of the droplet temperature T, and the
droplet radius r4

20y,
Pve - Psat(Td) €Xp <p]rdRTd). (6)

In the above relation P (T) is the flat-interface satu-
ration pressure for water at T,. For the range of con-
ditions considered in this study, surface tension effects
on the saturation conditions were very small.

In the limit of long times, the steady-state energy
exchange at the interface must satisfy conservation of
energy

Niteps Fid

1
Z (Egain)i = 5 rij. At <alv+ Ekn Td)
i1

Noteps

+3kBTdepp Z (Nnon)i' (7)

i=1

In the above equation, (V,,,); is the number of non-
condensable molecules which thermally interact with
the surface and then are re-emitted into the gas and
(Egin); is the energy delivered by molecules colliding
with the droplet surface in time step i. The left side of
the above equation is the total energy delivered by
molecules colliding with the surface through N, time
steps of the simulation. The right side is the energy
carried away by molecules leaving the droplet surface.
The first term on the right represents energy removed
by water molecules, and the second represents energy
carried away by non-condensable gas molecules re-
emitted to the gas. Combining equations (5) and (6)
and substituting into equation (7) yields

N, steps

; (Egain) i

- nrgatpsat(Td)_
2Qnm ks Ty)'?

. 1 20y,
At <u,v + 2 ks Td) exp (plrdRTd>

Noteps

+ 3k TalNmpp 2, (Noon)ie (8)
i=1

In equation (8), P, and 4, are functions of tempera-
ture. For the purposes of our simulation calculations,
P, was computed using the following relation which
is a curve-fit to data for water between 10°C and 70°C
based on the Clapeyron equation

Po(Ty) = =570, ®
In equation (9), 4 = 18.71 and B = 5240 for T;in K
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and P, in kPa. Values of 4, were determined using
the following linear fit to data for water between 10°C
and 70°C:

i, = 7.016 x 1072°[1 — (T, —283.2)/825.4] (10)
where i, is in J molecule™! and T is in K. In the
simulation, the summations of incident energy and
number of incident non-condensable molecules were
updated at each timestep. The droplet temperature
was computed at each timestep by iteratively solving
equations (8), (9) and (10) simultaneously. A guess of
the surface temperature was provided to initiate the
simulation. As the number of time steps increases, the
surface temperature computed in this manner con-
verges to a value which is interpreted as being the
actual physical temperature of the droplet for the
quasi-steady process being modeled in the simulation.
This element of our simulation is distinctly different
from that of Carey and Hawks [12] in which the sur-
face temperature of the droplet was fixed at the satu-
ration temperature for the pure fluid droplet at the
system pressure.

Once the surface temperature of the droplet was
determined for a given timestep, particles were com-
putationally emitted from the droplet surface. First,
Noon non-condensable particles were emitted, so that
there is no net transfer of the non-condensable species
to the droplet during the timestep. Then, particles of
the condensable species were emitted from the droplet
surface until an energy balance was achieved.

Each time a particle was emitted from the droplet
surface, the energy carried away from the droplet by
the particle was added to a cumulative total for the
timestep. When this total just exceeded the amount
delivered to the sphere during the timestep, the particle
addition process was stopped. The amount by which
the energy for the added particles exceeded that for
the incoming particles was subtracted from the energy
of the incoming particles in the next time step. This
imposed a zero net energy flux condition on the drop-
let interface. However, the number of incident con-
densable particles exceeded the number of emitted
condensable particles, resulting in a finite net mass
flux to the droplet surface.

For both condensable and non-condensable
particles, the location at which a particle is added to
the simulation was determined by randomly sampling
a distribution function which produces a uniform flux
of particles over the spherical surface of the droplet.
The velocity components and rotational energy were
randomly sampled from appropriate Boltzmann dis-
tributions for molecules crossing a fixed surface in a
gas at the specified sphere temperature T,. The dis-
tributions used are described in the Appendix.

The energy of saturated water vapor molecules, on
average, exceeds that of saturated liquid molecules by
4. At temperature 7,, the mean energy of a water
vapor molecule is 3k3T,. The energy of an arbitrary
water molecule in the gas with translational energy &,
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and rotational energy .. thus exceeds the mean
energy of the liquid water molecules in the droplet by
&+t — 3k Ty+4,. In the energy balance cal-
culations at the droplet interface, the mean energy of
the saturated liquid molecules was taken as the level
of zero energy for water molecules. The energy de-
livered to the droplet by one interacting water particle
from the surrounding gas is therefore given by

AE‘w.in = Nmpp(81r+8rot ‘SkB Td + ﬁlv) (1 1)

where Ny, is the number of molecules per particle in
the simulation. This relation was used to compute the
energy delivered to the droplet by a water particle
striking and interacting with the droplet. The energy
delivered by one nitrogen particle is given by
Nopo(6e+80r). Based on similar reasoning, the fol-
lowing relation was used to compute the energy
removed from the droplet by an emitted water particle

AE, e = Nupp (& + 800 —3kg Ta+10,)  (12)
where ¢,, and ¢, were obtained by sampling the appro-
priate Boltzmann distributions at 7.

In the simulation calculations in this study, the
simulation domain shown in Fig. 1 was filled with
cubic cells which formed a uniform Cartesian mesh.
The radius of the droplet in the simulations ranged
from 0.2 to 2.0 um. The effects of cell and timestep
sizes on the results of the simulation were explored
and consequently the cell size was chosen to be on the
order of one mean free path. The time step was chosen
so a particle with average speed traveled approxi-
mately half a mean free path in one timestep. Gener-
ally, we found that the results were insensitive to the
choice of these parameters as long as they were close
to the values indicated by these guidelines. The side
of the cell varied from 0.05 um for the smallest drop-
lets to 0.25 um for the largest droplets considered in
this study. The number of cells used was a compromise
between accuracy and computational effort. The ratio
of the number of molecules per particle N,,,, was
chosen in each simulation to compromise between
computational accuracy and storage limitations on
the computer. The values used in the calculations
reported here ranged from 1.78 to 1784 molecules per
particle. Simulations were typically run for 16 000 to
24000 timesteps, with a timestep typically being
200 ps.

After running the simulation for a sufficiently long
time, the simulation predicts the equilibrium tem-
perature and concentration fields adjacent to the sur-
face of the droplet for arbitrarily specified values of
the ambient pressure and the temperature and water
vapor concentration at r = 4r,. The matching pro-
cedure mentioned above was then used to determine
the corresponding values of the temperature and water
vapor concentration in the far ambient. To do so, the
net heat flux from the droplet surface (carrying away
the latent heat of the net condensation effect) is first
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computed from the simulation results using the fol-
lowing relation:

qi = _A_].iﬂw (13)

(4773 /8) Nyeps At
where N is the number of timesteps in the simu-
lation and AN,,, is the net number of water particles
transferred to the droplet due to particle interactions
during the simulation to that timestep. Conservation
of energy requires that a steady state, the heat flux
through the spherical surface at r/ry = 4 must be given
by

s =4 "*q; = qi/16.

Transport of energy beyond r = 4r, is treated as con-
tinuum transport from an evaporating sphere with
radius 4r, for a surface temperature of 7, and a heat
flux of ¢;. The outward velocity due to the net gen-
eration of molecules at the droplet surface is negligible
atr = 4r, and transport in the outer continuum region
is, to a good approximation, by conduction only. It
follows from the well known continuum solution for
steady conduction from a sphere that

(14)

p
Tadq

4k,

T, =T+ (15)

Equations (13) and (15) were used to determine the
ambient temperature 7,. A completely analogous
analysis of mass diffusion allows matching of the par-
ticle simulation to a continuum concentration field in
the region beyond r = 4r,. Following the same line of
analysis as for the conduction heat transfer yields the
following relations for the net mass flux of water vapor
at the droplet surface mg and the ambient water vapor
concentration X, ,, :

Y AN N,

= mep 16
‘ (4nr§/8)Nsteps At ( )
ramy
= . 1
Xw.oo Xw,4 + 4vav ( 7)

When required, the thermal conductivity of the mix-
ture was computed using the method of Mason and
Saxena [19] and the diffusion coefficient for water
vapor was determined using the empirical correlation
of Wilke and Lee [20]. Using the result of equation
(16), the growth rate of the droplet can be computed
as

"
dry, mj

TR (18)
To evaluate the simulation methodology described
above, we compared predictions of the simulation
method with recent experimental results from the
literature. This comparison is described in the next
section.
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SIMULATION PREDICTIONS FOR ARGON-
WATER MIXTURES

In a recent study, Peters and Paikert [21] exper-
imentally determined the variation of water micro-
droplet size with time for droplets in supersaturated
and superheated gas mixtures in a shock tube appar-
atus. These experiments produced a low volume con-
centration of virtually monodisperse droplets which
grew through condensation while the gas was super-
saturated and decreased in size when the gas was
superheated. In this study, the intensity of scattered
laser light was analyzed using Mie scattering theory
to determine the variation of radius with time. These
investigators presented plots of the measured radius
versus time for droplet growth in water—argon
mixtures. To evaluate the molecular simulation
scheme described above, we determined the mean
growth rate of the droplet between successive mea-
sured points in the Peters and Paikert [21] data and
compared the values to the simulation predictions for
the same conditions.

To conduct the comparison described above, it is
necessary to chocse a value of the thermal accom-
modation coefficient for use in the simulation. The
value of the accornmodation coefficient o, for a con-
densing or evaporating interface has been the subject
of much debate. The tabulation assembled by Paul
[22] lists values ranging from 0.02 to 0.04 for some
liquids to values very near 1.0 for others. Mills [23]
has suggested that molecular accommodation should
be imperfect only when the interface is impure. Paul
[22] notes that in almost every case where o was found
to be appreciably less than one, the average condition
of the vapor molecules was different from that for the
liquid phase because of association, disassociation or
polymerization. This suggests that if the water in this
study is assumed to be virtually pure and that associ-
ation, disassociation and polymerization do not occur
to any significant degree, the accommodation
coefficient should be close to unity. On the other hand,
recent deterministic molecular simulation studies by
Yasuoka et al. [24] imply that the accommodation
coefficient for a pure water interface should be near
0.4. In the analysis of their data, Peters and Paikert
[21] suggested a value of 1.0 for the accommodation
coefficient as best fitting their data in an analytical
kinetic-theory model.

Based on these observations we performed simu-
lation calculations for ¢, = 0.5 and 1.0 at the con-
ditions of the experiment of Peters and Paikert [21].
These predictions are compared to the growth rates
determined from the experimental data in Fig. 2. Also
shown in Fig. 2 is the prediction of standard con-
tinuum theory using Fourier’s law and Fick’s law
to predict the sirnultaneous heat and mass transfer
associated with quasi-steady condensation at the indi-
cated conditions. For the continuum model, the gov-
erning equation and boundary conditions are

r? %(rzu,) =0 (19)
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P = 62.8 kPa, X,,  =0.00895, T =2424K

140 T T L}
approximate fits to
120 K -4 sPnEulation predictions |
dy AN Lo
at 100 L~ continuum theory
{(um/s) N prediction
80
~
60 i ~

0O measured data obtained by Peters
40 and Paikert [21]

® simulation predictions for oy = 1.0

20 O simulation predictions for 6= 0.5
0 I T T ] ] ]
T T L ¥ T L)
02 04 06 08 1 1.2 14 16
ry (um)

Fig. 2. Comparison of simulation predictions and continuum
theory with droplet growth rates determined from the data
of Peters and Paikert {21] for a water—argon mixture.

du, 1dP (v\d [ ,du 2v U,
g = _;;dr+(r2>dr(r dr)_< 5 ) (20)

ey = r‘2§;<r2kv%) @1
u,% =r? % <r2DV %) (22)
k, dT
r=ryii = — (thw) <E)r:'s T=Tu(XoPy,1q)
(23)
roowiu~»0 T-T, X,-X,, (24

Equations (19)—(22) represent conservation of total
mass, momentum, energy and water vapor, respec-
tively. In this formulation, T (X, P, r4) is the satu-
ration temperature of water at the partial pressure
X, P, corrected for the effect of surface tension at
the droplet radius r4. For these circumstances, the
continuity equation (19) dictates that the radial vel-
ocity decays from its value at the droplet surface pro-
portional to r—2. The continuity, water vapor trans-
port and energy transport equations can be solved
together with the boundary conditions to obtain the
velocity, concentration and temperature fields. The
momentum equation can then be solved for the pres-
sure field if desired. The continuum analysis used here
is similar to that described by Mills [25] for evap-
orating droplets, with the thermal conductivity and
diffusivity evaluated using the methods described by
Mason and Saxena [19] and Wilke and Lee [20]. The
above system of equations and boundary conditions
was solved to produce the continuum curve indicated
in Fig. 2.

Overall, the simulation predictions in Fig. 2 for an
accommodation coefficient close to unity provide a
better fit to the experimentally determined values than
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Fig. 3. Continuum theory and simulation predictions of the
variation of T, for the droplet growth conditions in the
experiment of Peters and Paikert [21].

the predictions for g, = 0.5. As expected, the differ-
ence between the simulation results for ¢, = 1.0 and
o, = 0.5 increases as the droplet size decreases and
non-continuum effects become larger. However, over
the range of conditions considered here, the difference
between the growth rate for o, = 1.0 and 6, = 0.5 is
less than 30%. For the ambient conditions represented
in Fig. 2, radius values from 0.4 to 1.0 ym correspond
to Knudsen numbers Knp, = 4,,/2r4 between 0.114 and
0.045. The data and the simulation predictions are
both substantially lower than the continuum predic-
tion, which is consistent with the expected behavior
for Knudsen numbers above 0.02.

As part of our investigation we also examined other
microscale features of the droplet growth process pre-
dicted by the simulation for the experimental con-
ditions of Peters and Paikert [21]. Simulation pre-
dictions of the droplet temperature at different droplet
radii are shown in Fig. 3 for o, = 1.0 and ¢, = 0.5.
The droplet temperature at a given radius changes
only slightly with accommodation coefficient between
0.5 and 1.0. Also shown is the droplet temperature
variation predicted by the continuum model for com-
parable conditions. The simulation predictions are
seen to be significantly lower than the corresponding
simulation predictions.

The variation of the temperature slip at the droplet
surface predicted by the simulation for the conditions
in the Peters and Paikert [21] experiment is shown in
Fig. 4 for 6, = 1.0 and g, = 0.5. As expected, the slip
decreases towards zero as the droplet size increases
and the transport approaches continuum behavior.
For this range of conditions, the slip varies only
slightly for o, between 0.5 and 1.0.

The temperature and concentration profiles near
the droplet predicted by the simulation for a 0.4 ym
radius droplet under the conditions in Peters and Pai-
kert’s [21] experiment are shown in Fig. 5. The profiles
shown in this figure were computed for g, = 1.0. These
profiles exhibit the expected asymptotic approach to
the ambient temperature and concentration at large r.
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Fig. 4. Simulation predictions of the variation of temperature
slip at the droplet surface for growth conditions in the exper-
iment of Peters and Paikert {21].

SIMULATION PREDICTIONS FOR NITROGEN-
WATER MIXTURES

To further explore the interaction of vapor con-
densation and non-continuum effects, the simulation
methodology described above was also applied to
liquid microdroplets undergoing condensation growth
in a supersaturated mixture of water vapor and nitro-
gen gas at a pressure of 19.94 kPa. The ambient tem-
perature in these simulation calculations was approxi-
mately 250 K, which corresponds to an ambient of
metastable supersaturated vapor below the freezing
point of water. As will be seen, the temperature of
the droplets for these conditions was generally above
freezing, resulting in liquid droplet growth. This mix-
ture combination and conditions were chosen because
they are very similar to conditions encountered in the
earth’s atmosphere at high altitudes.

The observations in the previous section indicate
that although there is some uncertainty associated
with the appropriate value of accommodation
coefficient, it is likely to lie between 0.4 and 1.0. We
therefore selected o, = 0.9 as a representative value
for the exploratory calculations for water-nitrogen
mixtures presented here. Use of this value embodies
the implicit assumptions that the liquid water is vir-
tually pure and that association, disassociation and
polymerization do not occur to any significant degree.
The simulation scheme can, of course, be used with
other accommodation coefficients for systems in
which other values of ¢, are appropriate.

Simulation calculations for nitrogen—water gas mix-
tures presented here span ambient concentration levels
ranging from 0.05 to 0.9999 and droplet radius values
ranging from 0.2 to 2.0 um. For the ambient con-
ditions considered here, thermodynamic analysis indi-
cates that the critical droplet radius above which an
embryo will spontaneously grow is on the order of a
few nm (see Carey [26]). Growth rate trends predicted
by our simulation indicate that it would take only a
few ms for a droplet of critical size to grow to a size
of about 0.2 um. Thus, the range of droplet radii
considered here corresponds to the very early stages
of the post-nucleation growth process.
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Fig. 5. Simulation prediction of the concentration and temperature profiles near the droplet at a radius of
0.4 um for the growth conditions in the experiment of Peters and Paikert [21].

Figures 6-10 indicate the effect of varying ambient
concentration on transport for a droplet with a radius
of 1 ym for an ambient pressure of 19.94 kPa. Figure
6 shows the predicted variation of the droplet tem-
perature with ambient water vapor concentration for
ambient temperatures close to 250 K. The ambient
temperature for each computed point is slightly
different because in each case the computed ambient
temperature determined by matching to the outer con-
tinuum solution was slightly different. Because the
deviation of the ambient temperature from 250 K is
generally small compared to the overall driving tem-
perature difference T;— T, the trends in the results
are essentially the same as for a fixed ambient tempera-
ture of 250 K. Note that all the droplet tempera-
tures are above freezing due to the temperature differ-
ence that is established by the release of latent heat
at the droplet interface during condensation. Figure
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Fig. 7. Variation of droplet growth rate with ambient con-
centration for a droplet radius of 1 um in water—nitrogen
mixtures.
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Fig. 6. Variation of T, with ambient concentration for a
droplet radius of 1 ym in water—nitrogen mixtures.

and the overall temperature difference with ambient con-
centration for a droplet radius of 1 um in water-nitrogen
mixtures.
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Fig. 10. Temperature and concentration profiles at

X, = 0.052 for a droplet radius of 1 ym in a water—nitrogen
mixture.

6 shows a plot of the predicted variation of droplet
temperature with ambient concentration. At each con-
centration, the droplet temperature is slightly below
the saturation temperature of water at the ambient
partial pressure of water vapor X, ,,P.. As expected,
the droplet temperature tends towards the pure water
saturation temperature of 333 K as the ambient water
mole fraction approaches 1.0.

The variation of the droplet growth rate with con-
centration is shown in Fig. 7. The growth rate
decreases rapidly as the ambient concentration of
water vapor decreases. The decrease in growth rate
results from increased mass diffusion resistance and
reduced driving temperature difference associated
with lower water vapor concentration. Figure 8 shows
the variation of overall driving temperature difference
and temperature slip at the interface with ambient
concentration. In absolute terms the slip at the inter-
face increases with concentration, but as a fraction of
the overall temperature difference, it actually
decreases.

Figures 9 and 10 show the temperature and con-
centration profiles near the droplet for ambient water
vapor mole fractions of 0.51 and 0.052, respectively.
The temperature indicated at r = rq is the droplet sur-
face temperature iteratively determined in the simu-
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[4)]

lation. In both cases, the temperature profiles reflect
the temperature slip at the interface. At both ambient
concentrations, the concentration profiles indicate a
significant reduction in water vapor concentration
near the interface due to condensation on the droplet.

Figures 11-13 indicate the effect of varying droplet
radius on transport for a droplet in a nitrogen—water
mixture with an ambient pressure of 19.94 kPa, an
ambient concentration of 0.052 and an ambient tem-
perature near 251 K. As discussed above, the ambient
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temperature values deviated slightly from 251 K due
to slightly different results of matching to the con-
tinuum solution beyond r = 4r, and the deviation is
small compared to the overall driving temperature
difference. Figure 11 shows the predicted variation of
the droplet temperature with droplet radius for quasi-
static growth. These results clearly suggest that the
droplet temperature decreases slightly as the droplet
grows. This is consistent with the trends in Fig. 3 for
the water—argon mixture in the experiment of Peters
and Paikert [21]. The simulation predicted rate of
droplet growth decreases with increasing size, as indi-
cated in Fig. 12. Figure 12 also shows the prediction
of continuum theory for the same variations of driving
temperature difference and droplet radius as the simu-
lation prediction points in this figure. It can be seen
that the growth rates are below the continuum predic-
tion, but approach it as the radius becomes larger.
The simulation prediction of the variation of tem-
perature slip at the droplet surface with droplet radius
is shown in Fig. 13. Figures 12 and 13 indicate that
the growth rate and temperature slip both decrease as
the droplet grows.

In their study of evaporation of liquid nitrogen
microdroplets in pure nitrogen vapor, Carey and
Hawks [12] found that at high droplet evaporation
rates the simulation predicted molecular velocity and
rotational energy distributions that differed sig-
nificantly from Boltzmann distributions near the
droplet surface. This motivated us to examine these
distributions near the condensing droplet in the simu-
lations in this study. We therefore collected velocity
component and rotational energy samples for water
and nitrogen particles in the cell just outside a 1 ym
radius droplet for X, =0.51, T,=250.1 K,
P, =19.94 kPa. The velocity samples were then
sorted in bins with size 0.05,/ky T/m, where T is the
local gas temperature in the cell and m is the molecular
mass of the species of the particle. Note that this
allows us to include particles of both species in the
velocity distributicns. The resulting velocity dis-
tributions are plotted in Fig. 14. Because water and
nitrogen molecules obey different rotational energy
distributions, the samples of rotational energy for
these species were sorted separately into bins of size
0.1kgT, where T is the local temperature. The
rotational energy distributions for water and nitrogen
particles in the simulation near the droplet surface are
compared with the corresponding Boltzmann dis-
tributions in Fig. 15.

Overall, there is close agreement between the sam-
pled distributions and the Boltzmann distributions in
Figs. 14 and 15. The scatter in the distributions is
attributed to the limited number of samples that could
be obtained in a reasonable computation time. The
results indicate that this condensation driven droplet
growth process does not give rise to distributions that
deviate from equilibrium Boltzmann distributions, as
was found by Carey and Hawks [12] for rapidly evap-
orating droplets in a superheated pure gas.
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for a water droplet in a water—nitrogen mixture.

CONCLUDING REMARKS

This study explored the use of a direct simulation
Monte Carlo technique to predict the transport during
post-nucleation quasi-equilibrium growth of water
microdroplets in supersaturated gas mixtures. The
simulation employed a new treatment of the droplet
interface boundary condition which makes it possible
to compute the droplet surface temperature as part of
the simulation calculation. This appears to be the first
time such an interface model has been employed in a
simulation scheme to model transport near a droplet
undergoing condensation growth. The calculated
results presented in this paper have demonstrated that
this simulation method can be used to directly cal-
culate the droplet surface temperature and the tem-
perature and concentration profiles in the region
adjacent to the droplet and the overall thermal energy
transfer to the droplet during the condensation
process.

The predictions of this scheme were found to be in
close agreement with expected droplet condensation
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in the simulation near the droplet with the Boltzmann dis-

tribution for a water droplet in a water—nitrogen mixture:
(a) water molecules, (b) nitrogen molecules.

temperatures in the limit of water vapor concentration
approaching unity. The simulation predictions for a
water—argon mixture at an accommodation coefficient
of about 1.0 were also found to agree well with droplet
growth rates determined from an experiment by Peters
and Paikert [21]. Peters and Paikert [21] found that
their data agreed well with the droplet growth pre-
dicted by a modified form of the theoretical model
developed by Young [10] for 6, = 1.0. The good agree-
ment between our simulation results for o, = 1.0 and
the data of Peters and Paikert [21] thus implies that
our results are also consistent with the predictions of
the theory developed by Young [10]. While the close
agreement of our results with the data of Peters and
Paikert [21] does not completely validate the simu-
lation methodology developed in this study, the fact
that the predictions agree well with the experimental
results is a first step towards establishing the viability
of this model as a tool for predicting transport under
conditions similar to those explored in this study.
Example calculations presented in this paper pro-
vide considerable insight into the transport associated
with microdroplet evaporation in the transition
regime. As expected, condensation of water vapor at
the droplet surface reduces the water vapor con-
centration there below that in the ambient. The per-
centage change in water vapor concentration is small
at moderate to high ambient concentration levels, but
is very significant at low ambient concentration levels.
The results of this study indicate that non-con-
tinuum effects, and strong mass diffusion effects play
important roles in the transport associated with quasi-
equilibrium post-nucleation growth of water micro-
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droplets in water-argon and water—nitrogen gas
mixtures. These features of the transport were found
to have a significant impact on the predicted droplet
temperature. This implies that for circumstances of
this type, the droplet temperature may, in general,
depend on non-continuum effects and transport in the
gas as well as the thermodynamic characteristics of
the system. The non-continuum behavior at the sur-
face can result in significant temperature slip in the
gas adjacent to the interface and the gas mixture there
is in a metastable supersaturated state. Nevertheless,
our simulation results imply that the translation and
rotational energy distributions of the molecules are
consistent with equilibrium Boltzmann statistics at the
local conditions. In contrast, Carey and Hawks [12]
found that this was not the case for rapid evaporation
of microdroplets in a superheated gas. These results
clearly indicate that theoretical treatments of this type
of transport problem must have the capability to han-
dle these complexities if they are to provide accurate
predictions of the droplet growth rates.
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APPENDIX

To initiate the particle simulation calculation, the cells in
the simulation domain are initially loaded with particles,
each of which represent a fixed number of molecules of a
given type. The number of particles initially loaded into the
cells is arbitrarily set to correspond to the ambient number
density of molecules. The mean number of particles in each
cell is subsequently determined as the calculation is marched
forward in time.

The particles initially loaded into the cells are randomly
given translational and internal (rotational) energies by ran-
domly sampling values from the Boltzmann distribution for
the gas (at equilibrium) at the outer boundary temperature.
The particle simulation method marches the computation
forward in time. For each time step At, the following oper-
ations were executed :

(1) Statistical information on particles in each cell was gath-
ered at the beginning of each time step.

(2) All particles were transported in space at constant vel-
ocity along their current velocity vectors for time At,
ignoring possible collisions.

(3) Each particle was checked to determine if it hit the drop-
let or hit a boundary of the simulation domain. If it had,
appropriate actions were taken, based on the nature of
the boundary. Specular surfaces only reverse the normal
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component of velocity of the particles that strike them.
Particles striking the sphere or going beyond the outer
boundary were removed from the simulation.

(4) Particles were randomly added to cells along the outer
boundary surface r = 4r, to simulate the molecular flux
(from the ambient) across this surface. The velocities
and rotational energies were sampled from appropriate
Boltzmann distributions for the outer boundary tem-
perature.

(5) Particles were randomly added to cells along the droplet
surface r = r4 using the appropriate surface interaction
model.

(6) Candidate collision pairs were randomly selected in each
cell until approximately #,/2 candidate collision pairs
were formed per cell, where n, is the particle number
density in each cell. A selection rule (based on the stat-
istical probability of collision) was used to determine
whether the pair actually executed a collision.

(7) For each of the candidate pairs accepted for collision, the
collision is executed, conserving energy and momentum,
The orientation of the post-collision relative velocity
vector was chosen randomly.

For particles added to the domain at the droplet surface
or at the outer boundary, the surface normal velocity com-
ponent (c,) and the tangential velocity components (c.)
were sampled from the distributions

S(e,)de, = Z’:;e*mciwm (A1)
m 1/2 5
Ie.)de. = (m) UM (AD)

For diatomic nitrogen molecules, the rotational energy was
sampled from

1
S(Srot) de = e o/ 2HeT darot

A3
T (A3)
whereas for water, which is triatomic and non-linear, the
rotational energy was sampled from

2688
ks )Y

In using the above distributions, 7 was set equal to either T
or Ty, as appropriate. At the droplet surface ¢, was taken to
be an outward normal velocity, whereas at the outer bound-
ary it was taken to be an inward normal velocity. Sampled
velocity components were subsequently converted to u, v and
w components associated with the x~y~z coordinate system.

The selection rule used in step (6) above was essentially
that recommended by Baganoff and McDonald [17]. For the
hard sphere interaction model used in this study, this
amounts to picking the number of potential collision pairs §
for the cell equal to {(n,)/2, where {n,) is the mean particle
number density in the cell, and selecting collision pairs with
probability P, given by

5 15 {np Ve At

P,
\/Eﬁv.“’h

where 71, , and J, are the mean particle density and mean free
path for the reference condition at r = 4r,, and |v,| is the
magnitude of the pre-collision relative velocity of the par-
ticles being considered as a possible collision pair. The value
of the multiplier 1.5 in equation (A5) was chosen to match
simulation collision frequencies with collision frequency pre-
dictions of kinetic theory for the conditions considered in
this study.

Molecular collisions within the vapor were modeled with
a simple hard sphere interaction model. For hard-sphere
collisions, post-collision relative velocities must be iso-

3(8\'0!) darot = g "wkaT dsrot-

(Ad)

(AS5)
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tropically scattered. The method used in this study to ran-
domly select post-collision velocities with isotropic scattering
has been widely used in direct molecular simulation cal-
culations. A detailed description of this methodology can be
found in Bird [15] or McDonald [16].

If the collision is elastic (no exchange of energy in internal
modes), the magnitude of the post-collision relative velocity
vector is set equal to the value dictated by the pre-collision
velocities of the particles. If the collision is inelastic, however,
the post-collision fraction of relative translational energy to
total collision energy is sampled from the distribution for
an equilibrium gas. A relation for this fraction f;, which
is applicable to different molecular species with different
intermolecular force potentials has been derived by Borg-
nakke and Larsen [27]. In the simulation scheme described in
this paper, the molecules have a hard-sphere force interaction
potential and have rotational internal storage only. The
relation developed by Borgnakke and Larsen [27] then pre-
scribes that f;, obeys the distributions (A6), (A7) and (A8)
below for nitrogen—nitrogen collisions, water—water col-
lisions and nitrogen—water collisions, respectively,

3(f) df = 6fu (1 —f) df (A6)
3(f) dfe = 1261 = 1) df, (A7)
S(f) dfe =B5/4) (1 £ dfre. (A8)

In our calculations, the appropriate distribution for each
type of molecular collision was randomly sampled to deter-
mine the f;; value for each collision.

Following McDonald {16], an effective rotational collision
number of 5 was used in our calculations with the result that
one in five collisions was treated as inelastic. The method
used to partition the collision energy in the post-collision
state using the stochastically determined f;, value is similar to
that used by Carey and Hawks [12] for droplet evaporationin
pure vapor and by McDonald [16] for high-speed rarefied
gas flows.

V.P. CAREY et al.

In our simulation calculations, the post-collision par-
titioning of internal energy between the two molecules as
assumed to obey the distribution relation cited by Bird [15]
for f,,, the fraction of the post collision internal energy allo-
cated to molecule 1. For nitrogen—nitrogen collisions involv-
ing only rotational internal storage, the distribution function
for the fraction of the internal energy allocated to molecule
1 is given by

3 df = df.

The distribution for water—water collisions is similarly given
by

(A9)

8\ .,
I df = (;) W—f)' 2 df (A10)

For nitrogen—nitrogen or water—water collisions either mol-
ecule can be designated as molecule (1). For water—nitrogen
collisions, the water molecule is designated as molecule 1 and
the distribution for the fraction of the post collision energy
allocated to the water molecule is given by

S(frl) dfrl = @)frllz dfr1~

In our calculations, the appropriate distribution for each
type of molecular collision was randomly sampled to deter-
mine the f;, value for each collision.

To evaluate the mean free path for each species i in the
mixture with the other species j, the following relation from
kinetic theory was used

/11' = [nm,i(Dm)i% 2+nm.j(Dm)i2j\/ l+ml'/mj _"

The mean free path for the mixtures was computed as a
mole-fraction-weighted average

A= Xohy+(1-X)A,

(All)

(A12)

(A13)

where 4, and 4, are the mean free path for water and nitrogen
molecules, respectively, computed using equation (A12).



